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ABSTRACT: Lattice Monte Carlo (MC) simulations in the NVT ensemble together with a coarse-grained
model of the block copolymer chains are used to explore the phase diagram of pure and bidisperse diblock
copolymer melts as a function of temperature and block volume fraction. In the pure systems, we found
that the gyroid phase is stable in only a narrow region of the phase diagram. Through the analysis of the
structure of the channels and nodes formed by the minority component in the gyroid phase, we found
evidence of “packing frustration” of the chains inside each such node, manifested as a central low-density
region. The use of chain-length bidispersity was then investigated as a way to reduce such packing
frustration in the gyroid phase. We found that the longer chains in such systems tend to segregate
preferentially inside the gyroid nodes. For a system with components with a 2:1 ratio of chain lengths,
we observed an increased range of temperatures where the gyroid phase is stable.

Introduction

Under the appropriate thermodynamic conditions,
block copolymers can self-organize at nanoscopic length
scales and form microstructures that can lead to nu-
merous materials with useful properties1 such as me-
chanical and optical anisotropy, large interface area
between different domains, and long-range ordering. In
diblock copolymer melts, different microstructures can
be obtained by changing the temperature and volume
fraction of any one block. The result is a complex phase
diagram that presents a variety of well-ordered struc-
tures with long-range periodicity. In the simple case of
diblock copolymer melts, the following “classical” mor-
phologies1 can be found: lamellae (L), hexagonally
packed cylinders (C), and spheres ordered in a bcc lattice
(S). In addition, bicontinuous morphologies with triply
periodic spacing have been discovered; e.g., in diblock
melts the gyroid2 (G) phase has been found to be stable.
In more complex systems, like star block copolymer
melts and block copolymer/nanoparticle nanocompos-
ites, the OBDD3 (D) and Plumber’s Nightmare4 (P)
phases have been respectively obtained. Bicontinuous
morphologies are of special interest for the design of
novel materials. For example, their interconnectivity in
all three directions not only gives them unusual me-
chanical properties but also makes them perfect candi-
dates as precursors of porous materials,5,6 catalytic
surfaces, and high-conductivity nanocomposites.7 Theo-
retical and molecular simulation studies are particularly
useful tools to explore the complex phase behavior of
both pure diblock copolymers and mixtures of copoly-
mers and other components such as nanoparticles8-10

and homopolymers.11 From the numerous computa-
tional studies that have been reported, we will briefly
review some of the most relevant to this work.

The phase diagram of pure diblock copolymer melts
is relatively well understood, both experimentally12 and
theoretically (e.g., the SFCT of Matsen13,14 and the field-
theoretic description of Fredrickson15). However, even
though the G phase has been proven to be stable in a

narrow window of compositions in this kind of theoreti-
cal studies,14,16,17 to the best of our knowledge, it has
never been reported in simulations of pure diblock
melts. The G phase has only been found in simulations
of systems of either triblock copolymers or diblocks with
selective solvent, e.g., in the lattice MC simulations of
triblock copolymer melts of Dotera et al.,18 in the lattice
MC work with surfactants in selective solvent of Larson
et al.,19 in the MD simulations of Rychkov and Yoshika-
wa20 in a selective solvent, and in the lattice Boltzmann
simulations of surfactants in mixtures of selective
solvents of González-Segredo and Coveney.21 One should
consider, however,11 that the inclusion of selective
solvent or small amounts of homopolymer can stabilize
the G phase, widening the range of conditions where
such a phase can be observed by simulation. It has also
been shown16,22 that the region of the phase diagram
where the G phase is stable for triblock copolymers is
significantly wider than that for diblocks, which again
facilitates finding the G phase in simulations.

In several simulations of diblock copolymers without
selective solvent, no clear indication has been provided
on the existence of bicontinuous phases. Such is the case
of the Brownian dynamics simulations of Glotzer et
al.23,24 and the dissipative particle dynamics simulations
of Groot et al.25 where only classical morphologies were
found. The same is true for the discontinuous molecular
dynamic simulations of Schultz et al.26,27 where they
studied diblock copolymer melts and block copolymer/
nanoparticle nanocomposites. In this case, the perfo-
rated lamellae phase (PL) was found in the region of
the phase diagram where the G phase is expected, in
disagreement with both theory and experiments.28

Block copolymer microphases present long-range or-
der with periodicity that has well-defined characteristic
lengths associated with it. The size of the unit cell (i.e.,
repetitive unit) of these structures is therefore prede-
termined by the thermodynamic conditions at which the
system is set. As a consequence, simulation box lengths
need to be a multiple integer of the unit cell size in order
to fit the structure and still satisfy the periodic bound-
ary conditions. Simulations have proven18 that inad-
equate choices of box dimensions can stabilize meta-* Corresponding author. E-mail: fe13@cornell.edu.
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stable phases. As a result, the size of the simulation box
becomes an essential parameter in this kind of system.
An attempt to solve this problem was made by Schultz
et al.,29 who developed an algorithm to change the shape
of the simulation box while keeping fixed the total
volume. Nonetheless, because of their cubic symmetry,
bicontinuous morphologies cannot be fitted in a simula-
tion box by changing its relative dimensions if the total
volume is kept constant. The latter reason could be a
possible explanation for the failure of previous work in
obtaining the G phase.

In the present work we use lattice Monte Carlo (MC)
simulations together with a simple model for the block
copolymer chains to explore the phase diagram of pure
diblock melts. Simulations were performed in the weak,
intermediate, and strong segregation regime. In addi-
tion to the classical morphologies, the G phase was also
found in a region of the phase diagram that agrees with
experimental results and theoretical predictions. We
also explored the use of polydispersity as a way to
stabilize the gyroid phase in a wider region of the phase
diagram as proposed by Hasegawa et al.30

Model and Methods
Model. Space is discretized in a simple cubic lattice

where each site can be occupied only by a single bead
of the polymer chain. Each bead in the chain represents
a Kuhn segment. Bonds are allowed between nearest
neighbors that are located at the edges of each site as
well as between diagonals sites, yielding to a total of
26 neighbors per lattice site. Details about the ap-
plicability of this kind of lattice for block copolymers can
be found elsewhere.31,32

The total energy of the system is calculated by using
pairwise additivity between the bead interactions. Each
bead interacts only with its 26 nearest neighbors. The
contact energy εij is defined as

where i and j represent the type of bead.
To facilitate the mobility of the chains, the systems

have a void fraction of η ) 0.25. The beads do not
interact with the void (i.e., εi-void ) 0); hence, vacuum
acts like a nonselective good solvent. As is customary
for lattice simulations, the Flory-Huggins interaction
parameter (ø) is obtained from18 øN ) (number of
nonbonded neighbors) × (fraction occupied) × εAB/kT )
(26 - 2) × (1 - η) × 1 × â, i.e.

where â ) εAB/kT, k is the Boltzmann constant, and T
is temperature. Note that this mapping between ø and
T is only approximate since small-chain effects are not
accounted for. The copolymer composition is defined by

where N is the chain length. Since all beads occupy the
same volume, f also defines the volume fraction of the
given bead type. For the system of pure diblock copoly-
mers, chains had N ) 20 unless otherwise indicated.
Such a chain length is a compromise between compu-
tational efficiency (short chain) and a sufficiently fine
discretization of block copolymer composition to map out

the phase diagram. Therefore, it is not surprising that
chains of comparable lengths have been studied else-
where.18,26 As a concrete example, N ) 20 can be seen
to approximately correspond to symmetric chains of
poly(isoprene-b-ethylene oxide) (PI-b-PEO) of a molec-
ular weight of MW ∼ 2.5 × 103 g mol-1. For the
bidisperse system of diblock copolymers, the shorter
component had N ) 20 while the longer one had either
N ) 40 or N ) 26.

Simulation Details. The sampling scheme used was
the traditional Metropolis Monte Carlo algorithm33 in
the canonical ensemble (NVT), where moves are ac-
cepted with probability:

The moves implemented were (1) individual “hop”
moves,31 where a single bead is attempted to move with
equal probability to any of the sites that conserve the
nearest-neighbor condition between chemically bonded
monomers; (2) “reptation” moves,19 where one of the two
ends of the chain is moved randomly to one of the
nearest-neighbor sites, and the rest of the beads “follow”
it by occupying the position of the closest bead chemi-
cally bonded in the direction of the move; (3) “switching”
moves, whereby the order of the beads in the chain is
inverted. This last move has the advantage of never
requiring a check of excluded-volume interactions, since
the chain occupies the same sites before and after the
move is implemented. The “hop”, “reptation”, and “switch-
ing” moves were performed with a relative frequency
of 100:10:1, respectively.

Copolymer mesophases and bicontinuous phases in
particular are not easy to characterize because of the
lack of a convenient order parameter that can provide
a clear identification of any such phase. As a conse-
quence, most of the characterization is usually done
through simple visual inspection of snapshots of the
simulated system. Another powerful tool, widely used
by experimentalists in the area of copolymers, to
characterize these phases is the structure factor, S(q).
The structure factor is calculated straightforwardly from
simulations with the equation34

where qb is the wave vector and rbj are the positions of
the monomers of the minority component in the system.
With this definition, S(q) corresponds to the modulus
of the Fourier transform of the positions of the minority
component beads. Moreover, after calculating S(q), the
concentration profile can be reconstructed directly35 by
an inverse Fourier transformation while neglecting
wave vectors (qb) with a modulus larger than some cutoff
(in this work qcutoff ) 1.2). This procedure has the
advantage of smoothing out the fluctuations in a
particular configuration. All snapshots shown in this
work were obtained using this procedure. Another
advantage of calculating S(q) is that it provides useful
information about the “natural” length of the unit cell
of the periodic structures. Such length can be extracted
from the location of the first refraction peak, by means
of the equation

εij ) {1 if i * j
0 if i ) j (1)

ø ) 18â (2)

f ) no. of beads of one component in chain
N

(3)

P ) min [1, exp(-â∆E)] (4)

S(qb) )

(∑
j

cos(qb‚rbj))
2 + (∑

j

sin(qb‚rbj))
2

N
(5)

Lbox ) (2π/q*)m (6)
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where Lbox is the estimated length of the unit cell, q* is
the modulus of the wave vector at which the principal
S(q) maximum is located, and m is the first observed
reflection spacing ratio for a given periodic structure2

(e.g., m ) 1 for lamellae, m ) x6 for the gyroid).
Simulations were equilibrated in the athermal limit

and then quenched to the desired temperature where
the microstructures are expected to form. It is important
to emphasize that, contrary to the case of SCFT calcula-
tions, the different morphologies need not be prespeci-
fied since the system naturally evolves toward the final
state. Typical simulation runs consisted of 106 MC
moves per bead in the system. Some simulations were
run twice as long to ensure stability. At each thermo-
dynamic condition (i.e., a given set of øN and f values),
a preliminary simulation was run at a simulation box
of a typical size of 30 × 30 × 30 (lattice units)3 to obtain
a hint of the “natural” spacing of the system by means
of S(q). Afterward, different unit cell sizes corresponding
to different morphologies can be estimated by use of eq
6 (an iteration of this process may be needed). Thus,
different simulations (with the same value of øN and
f), with different box sizes, consistent with the spacing
of different morphologies, were run. However, in most
of the cases the system evolved to the same morphology
regardless of the simulation box size. Whenever more
than one defect-free morphology was found at the same
thermodynamic conditions, the stable phase was deter-
mined by performing simulations in bigger boxes (i.e.,
two or more unit cells) and evaluating the chemical
potential. Simulation box sizes ranged from 20 × 20 ×
20 (lattice units)3 to 66 × 66 × 66 for larger systems
wherein the stability of the system was being tested.

Results

Pure Diblock Melts. To map out the phase diagram
of pure diblock copolymer melts simulations were
performed in the weak, intermediate, and strong seg-
regation regimes (øN ∼ 20-200). Since for our model
the phase diagram is symmetric in volume fraction (f),
we ran simulations only for compositions f e 0.5.

We obtained the classical morphologies of lamellae
(L), cylinders (C), and spheres (S) as can be seen in
Figure 1 where only the minority component of the block
copolymer is shown. Since the L and C phases possess
periodicity only in one or two directions, respectively,
they can rotate to better accommodate themselves in
the simulation box to approach their natural spacing.
To test whether this “rotation” was artificially stabiliz-
ing any of these structures, different system sizes were
tried. However, no “artificial” stabilization was ob-
served. Although some authors25,36 have suggested that
hydrodynamic interactions could be crucial to simulate
structures with periodicity in more than one dimension
(specifically the C phase), Horsch et al.24 have recently
shown that hydrodynamics was not required to obtain
these phases in simulations of diblock copolymers. The
lattice MC method employed in this work provides a
much more effective configurational sampling than
continuum space models and can readily obtain the C
phase (despite the absence of hydrodynamics interac-
tions).

In addition to the classical morphologies, in a very
small region of the phase diagram the gyroid phase
(Figure 2) was found. To ensure that this structure
actually corresponds to the G phase, S(q) was calculated
(Figure 3) and compared to the experimental results of

Gruner et al.2 Comparison of the location of the peaks
shows good agreement with the ratios that are observed
experimentally (i.e., x3:x4:x10:x11:x16:x19). More-
over, when these ratios are reinterpreted as x6:x8:
x20:x22:x32:x38 (i.e., multiplied by a factor of x2, as
suggested by Gruner et al.2), it can be seen that the size
of the unit cell given by eq 6 (with q* ) 0.4664 from
Figure 2) coincides exactly with the size of the simula-
tion box (i.e., 33 lattice units per side). In Figure 2, we
can also see that the minority component forms a
structure composed by “channels” and “nodes”, each
node is formed by the junction of three channels, as is
expected for the gyroid phase.

At the same thermodynamic conditions where we
obtained the G phase (i.e., f ) 0.30, øN ) 40), we also
found other structures when simulations were done in
boxes of different sizes (e.g., C and perforated lamellae).

Figure 1. Snapshots of classical morphologies found in the
simulations. Only minority component is shown. (a) Lamellae,
(b) cylinders, and (c) spheres.

Figure 2. Snapshot of the unit cell of the gyroid phase. Only
the minority component is shown. The minority component
forms two distinct channels (red and yellow) that never
intersect.
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However, the PL was only encountered in simulations
with boxes much smaller than the G unit cell (fewer
than 20 lattice units each side), leading us to conclude
that PL is not stable in this thermodynamic state. To
test the stability of the G phase respect to the C phase,
two bigger boxes (33 × 33 × 66 lattice units) were
simulated. In these simulations, instead of quenching
from the athermal limit, simulations were started with
the respective phases (C or G) already formed. While
the C phase did not persist (i.e., cylinders started to
connect to each other), the G phase remained stable. In
addition, simulations with an even bigger simulation
box (66 lattice units per side) were run; again, the gyroid
phase remained stable (Figure 4). Simulation of the
chemical potential in fully equilibrated systems using
Rosenbluth sampling33 was used to identify the most
stable phase, i.e., the one with the lowest free energy.
We neglected the PV contribution to the Helmholtz free
energy differences since it is expected that for the G and
C phases the pressure will be similar and small. It can
be seen in Figure 5a that the box dimensions for which
the G phase was found (i.e., 33 lattice units per side)
correspond to a minimum in chemical potential. Using

the lowest âµ value for which either G or C are stable,
we find that âµgyroid ) 36.34(1) and âµcylinder ) 36.44(1),
which indicates that the free energy of the G phase is
slightly lower than that of the C phase at f ) 0.30 and
øN ) 40. As pointed out before,18 inadequate choices of
simulation box dimensions can stabilize metastable
structures due to their inability to fit the unit cell of
the stable structure. This effect becomes less important
for much larger simulations boxes where two or more
unit cells can fit. Since the G phase was the only one
that remained stable in the much bigger systems
(besides having a slightly lower chemical potential), we
conclude that G is the stable phase at the conditions
under consideration.

For f ) 0.30 and øN ) 50, only the C phase formed
spontaneously. When quenching the simulated systems
for different box sizes, a gyroid-like structure was often
initially observed; however, in all cases these unstable
intermediates eventually evolved toward the C phase.
Further tests were run at f ) 0.30 and øN ) 50 starting
with the L or the G phase already formed (at different
øN). In these simulations, only the G phase remained
stable during the length of the simulation (106 MC
steps), but its chemical potential [[âµgyroid ) 37.38(1)]
was larger than that of the C phase [âµcylinder ) 37.27-
(1)], confirming that that C phase is the one thermo-
dynamically stable in this point of the phase diagram.

Figure 3. Structure factor calculated from simulated snap-
shots of the G phase. The inset shows the structure factor in
a logarithmic scale. The ratio of the locations of the peaks is
in good agreement with the experimental results2 (i.e., x3:
x4:x10:x11:x16:x19).

Figure 4. Eight (8) unit cells of the gyroid phase; the box
size is 66 × 66 × 66 and contained 10 781 chains. The G phase
remained stable in this bigger system. Only the minority
component is shown.

Figure 5. Comparison of the chemical potentials (âµ) between
the G and C phases for f ) 0.30. (a) The chemical potential
for the observed structure for each box size is presented as a
function of the box linear dimension (Lbox) for øN ) 40. The
structures observed at different sizes are interconnected
cylinders for Lbox ) 31, G phase for Lbox ) {32, 33, 34}, and C
phase for Lbox ) {35, 36}. (b) Linear interpolation of âµ for
the C and G phases between øN ) 40 and øN ) 50; for each
phase and a given øN, the âµ value used is the smallest one
obtained as a function of system size. The intersection occurs
at øN ∼ 45.
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Although we observed the G phase in only one point of
the phase diagram (i.e., f ) 0.30, øN ) 40), we expect
that it will be stable in a small finite interval of øN
around this point [i.e., ∆(øN) < 10]. A rough estimate
of the location of the high-øN G-C transition is øN ∼
45, found by linear interpolation (shown in Figure 5b)
of the chemical potential data for øN ) 40 and 50 given
before.

For f ) 0.35 and øN ) 40, neither the G, L, or C phase
was fully stabilized; instead, cocontinuous structures
were obtained where the minority component forms a
single network of channels connected by 3-fold nodes.
Recently, Tyler and Morse37 have shown using SCFT
that an orthorhombic Fddd phase (O70) should be stable
in a very narrow range of f and øN between the G and
L phases. Regular cocontinuous structures can be
simulated depending on the box shape adopted; Figure
6 shows one such structure obtained for a box with side
lengths in the ratio 35:35:70 (and for f ) 0.35 and øN )
40). Although the structure in Figure 6 resembles the
O70 phase, analysis of S(q) shows some discrepancies
in the location of the refraction peaks reported experi-
mentally for systems of triblock copolymers by Bates et
al.38 Considering that the O70 phase is predicted to be
stable in a very narrow region close to the ODT, it is
possible that such a phase is suppressed in systems of
“short” chains like ours or that it is “skipped” by the
coarse discretization of f values afforded by our 20-mer
chains. Clearly, a more extensive simulation study is
needed to clarify the effect of box size, shape, chain
length, and composition on the formation of the O70

phase.
When all the resulting structures for the diblock

copolymer melt are collected as a function of øN and f,
we obtain the approximated phase diagram shown in
Figure 7. This diagram is in qualitative agreement with
the results of SCFT.14 However, besides the appearance
of the cocontinuous structures previously mentioned,
other differences are observed: the ODT is located at
higher values of øN (øN ∼ 23), the S phase is also shifted
to higher values of øN, and a temperature-driven
cylinder-gyroid-cylinder (C-G-C) transition is pre-
dicted. The upshifting of the ODT and the S phase is in

agreement with previous simulation results of Hall et
al.26 and Vassilieva and Matsen,39 where chains of
similar size were used. In addition, weak segregation
regime theory17,40 has predicted these two effects for
chains of short length wherein fluctuations become
important, and therefore mean-field theories become no
longer applicable.

Regarding the C-G-C transition, one should note
first that SCFT actually predicts its occurrence but only
for an extremely narrow range of f values (around f ∼
0.32 and 45 < øN < 65). Furthermore, while SCFT
clearly predicts a C-G transition at low values of øN,
the exact location of the high-øN boundary of the G
phase (i.e., the C-L-G high-øN triple point) has not
been established by rigorous SCFT calculations but only
by extrapolations14 (in the interval 40 < øN < 60 of the
G phase boundaries). It is therefore not unexpected that
in such a region of the phase diagram (where free energy
differences among the L, G, and C phases are vanish-
ingly small) discrepancies may arise between the pre-
dictions of a mean-field theory and the behavior of
systems of finite chain length. In addition, the experi-
mental work of Bates et al.,12 with the metastable PL
phase reinterpreted as the G phase,28,41 suggests that
not only C-G transitions at low values of øN can occur
but also that G-C transitions at high values of øN are
plausible (e.g., for PI-b-PS and PEP-b-PEE). In fact,
most of the experimental work on the G phase has not
examined the region where the G phase ceases to be
stable at high segregations. In short, the possibility that
systems can exhibit a C-G transition at low øN and a
G-C transition at higher øN should not be ruled out a
priori.

Structure of the Nodes. In the gyroid phase the
minority component forms a structure composed of
channels and nodes. The thickness of the channels is
determined by the length of the minority component
blocks. However, since each node is formed by the
junction of three channels, nodes need to be bulkier in
order to approach the constant mean curvature (CMC)
structure13 that minimizes the interfacial energy.

It has been suggested elsewhere13,30 that the reason
for the very limited stability of the G phase in the phase
diagram of pure diblock melts is packing frustration.
Since the nodes of the G phase are wider than the
channels, chains would need to stretch in the nodes to
reach the center. Our simulated G phase allowed us to
examine whether this phenomenon occurs inside the
nodes. Concentration profiles of the minority component
in the simulated nodes show that there is indeed a low-

Figure 6. Snapshot of the cocontinuous structure found at f
) 0.35 and øN ) 40. This structure was found only in a narrow
region of the phase diagram between the L and G phases. Only
the minority component is shown.

Figure 7. Approximate phase diagram obtained from our
simulations. The lines demark rough phase boundaries to
guide the eye. The ODT is located at øN ∼ 23. The gyroid phase
was found to be stable for øN ) 40 and f ) 0.30.
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density region (i.e., a higher concentration of vacancies)
inside the nodes. This is evident in Figure 8, where a
typical concentration profile on a cross section of a node
is shown. As can be seen, the concentration in the
middle of the node is lower than in its surroundings,
evidencing the presence of vacancies. This fact was true
for all the nodes present in all the snapshots of the
gyroid phase collected from independent runs. The
presence of lower concentration regions in the center of
the nodes indicates packing frustration of the copolymer
chains and therefore a destabilization effect of the G
phase. While some degree of vacancy accumulation also
occurs at the A-B interfaces of all microsegregated
phases because it reduces the number of unfavorable
contacts in the system, the vacancy accumulation in the
node centers of the G phase is not driven by the same
mechanism.

Chain stretching calculations (i.e., via the evaluation
of end-to-end distances of the minority blocks) were
carried out only for a limited number of statistically
independent configurations (10 snapshots). This is
because the only reliable way we found to identify of
the positions of the gyroid nodes was by visual analysis.
The results from these calculations failed to detect chain
stretching inside the nodes as it had been speculated,
suggesting that, at least in our model, the penalty in
entropy of mixing associated with having “vacancies”
inside the nodes is less than the penalty in configura-
tional entropy associated with stretching the chains to
reach the center of the node. However, the absence of
chain stretching inside the gyroid nodes could also be
due to the short length of the minority component block
(six beads for f ) 0.30), given that the associated
entropic penalty is larger for shorter, non-Gaussian
chains. Moreover, since in our model the contact energy
between beads of the same type is zero, void spaces in
the lattice act as a “good” solvent and the intranode
interactions are basically entropic. Hence, it is also
possible that a model with more dominant energetic

interactions (i.e., negative contact energies between
equal-type beads and thus void spaces acting as “poor”
solvent) could lead to a different nodal structure with
less vacancies and more chain stretching. In either case,
however, packing frustration inside the gyroid nodes
should still be prevalent.

Bidisperse Mixtures of a Diblock Copolymer
Melt. Several strategies have been proposed to reduce
packing frustration inside the G phase nodes, including
the use of nanoparticles or low molecular weight ho-
mopolymers that could reside preferentially in the nodes
of the gyroid. In addition, Hasegawa et al.30 suggested
that copolymers having a bidisperse distribution of
chain lengths could have a more stable G phase. In this
case, the hypothesis is that longer chains can segregate
to the nodes to fill the vacancies (Figure 9) while the
shorter chains concentrate in the channels to avoid
packing frustration in the nodes, therefore stabilizing
the gyroid phase. To our knowledge, this hypothesis has
not been tested in simulations. Experimentally, Ponsi-
net et al.42 have study the effect of polydispersity in
diblock copolymers, finding the L and C phases (and
coexistence L + C in between) but not the G phase; note
that these authors focused in the strong segregation
regime where the G phase is expected to be unstable.
Also, Sides and Fredrickson43 studied the effect of
polydispersity using SCFT but only focused on the
classical morphologies (L, C, and S).

We studied two model systems with the purpose of
testing this hypothesis (Figure 10). The first one (system
1) was composed of 90% chains of length N ) 20 and
10% chains with N ) 40, with a volume fraction of
minority component f ) 0.30 (the same f where the G
phase was found). The second system (system 2) had
also 90% of chains of length N ) 20 and f ) 0.30, but it
contained 10% of chains with N ) 26 and f ) 0.4615
(12 beads of minority component). System 2 was studied
to test whether just making longer the block of the
minority component was enough to reduce packing

Figure 8. Concentration profile of the minority component in a typical node of the G phase. The concentration in the middle of
the node is lower than in its surroundings, indicating the presence of a higher concentration of vacancies. The scale represents
the concentration of the minority component, ranging from 0 to 1.
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frustration (note that for system 2 the overall composi-
tion is f ) 0.3162). Simulations were performed around
the same temperature where G was found (â ) 0.111 11,
øN ∼ 40). No attempt was made to “optimize” the
bidisperse systems compositions.

After equilibration, the G phase was also found in
both systems with a unit cell size of 35 lattice units (in
the pure melt the unit cell was 33 lattice units). In each
system, the appropriate simulation box dimensions were
estimated using S(q) together with eq 6, as explained
in the section on simulation details. To see whether
there was actually segregation between longer and
shorter chains, we calculated the intermolecular bead-
to-bead radial distribution function for the minority
component. As can be seen in Figure 11, in both systems
the longer chains aggregate more than the shorter

chains. This is evident in the stronger short-range
correlations (i.e., higher peak) observed in the radial
distribution function of the longer chains. We also
examined the hypothesis that this aggregation leads to
a spatially correlated segregation wherein the minority
component blocks of the longer chains reside preferen-
tially inside the gyroid nodes. Figure 12 shows a typical
snapshot of the system where only the minority com-
ponent blocks are shown; the longer chains are “painted”
in red and the shorter chains in yellow. As can be seen
in Figure 12, most of the longer chains are indeed found
inside the nodes, thus corroborating the hypothesis. This

Figure 9. Cartoon representing how filling the “vacancies”
in the nodes can stabilize the gyroid phase. (a) Chains
stretching in the gyroid nodes to fill the vacancies. (b) Selective
nanoparticles filling the vacancies. (c) Homopolymer filling
vacancies. (d) Bidisperse distribution of chain length where
the longer chains concentrate in the nodes. Based on a figure
shown by Hasegawa et al.30

Figure 10. Cartoon representing the two model systems
studied with a bidisperse distribution of components. (a)
System 1: 90% chains with N ) 20 and 10% chains with N )
40; the volume fraction of minority block in both components
is f ) 0.30. (b) System 2: 90% of the original f ) 0.3 chains
with N ) 20, mixed with f ) 0.46 chains (N ) 26). Thus, in
system 2 the overall minority component fraction is fall ) 0.316.

Figure 11. Intermolecular bead-to-bead radial distribution
functions for the minority component: (a) system 1 [g(r)max )
3.04]; (b) system 2 [g(r)max ) 2.89]. The stronger short-range
correlation in the longer chains indicates some degree of
clustering (aggregation) beyond what is observed in the shorter
chains.
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was true for both systems studied (results for other
snapshots lead to similar conclusions).

To investigate how bidispersity affects packing in the
gyroid nodes, selected typical configurations were used
to obtain concentration profiles of “voids” (smoothed out
as described in the section on simulation details). To
estimate the mean void fraction inside the nodes, ηnode,
averages were obtained inside regions of space delimited
by spheres of radius rcut centered at the innermost point
in the nodes. It is expected that the value of ηnode will
strongly depend on the choice of rcut; a larger rcut will
give a ηnode consistent with the global void fraction (η
) 0.25) while a smaller rcut will give a ηnode representa-
tive of the local void fraction at the node center. In
Figure 13, ηnode values for the monodisperse system and
the bidisperse system 1 are plotted as a function of rcut.

As can be seen, ηnode values for small rcut (i.e., highly
localized at the center) for the bidisperse system are
consistently smaller than those for the monodisperse
system; this suggests that packing frustration in the
former has been reduced relative to that in the latter
(where vacancies concentrate in the node center). How-
ever, the results shown in Figure 13 should only be
taken as qualitatively trends, given the significant
density fluctuations in the gyroid nodes and the dif-
ficulty of unambiguously defining node centers. A dif-
ferent, indirect quantification of the effect of bidispersity
on packing frustration is discussed next.

If the segregation of the longer chains to the nodes is
indeed stabilizing the gyroid phase, then the latter could
in principle be stable in a wider region of the phase
diagram. To test this idea, we ran simulations of both
model systems at temperatures where cylinders were
stable; i.e., at temperatures immediately above (øN ∼
30) and below (øN ∼ 50) the region where the G phase
was initially found (see Figure 5). At the higher tem-
perature (lower øN), we found that again the cylinder
phase (not G) was stable; i.e., we did not detect widening
of the G phase window in the region of higher temper-
atures. On the other hand, when we explored regions
of lower temperature we found that while in system 2
the cylinders were still stable, in system 1 the gyroid
was stable (Figure 14). Hence, we found that in system
1 the G phase became stable in a wider region of
temperatures in the phase diagram, consistent with the
idea that segregation of longer chains to the nodes
reduces packing frustrations and therefore stabilizes the
structure. This is a significant effect, considering that
only a very small amount of longer chains was added.
(A volume fraction of 10% actually corresponds to a mole
fraction of about 5% of longer chains.) It is unclear at

Figure 12. Snapshot of the gyroid phase before (a) and after
(b) “painting” in red the longer chains and making the
structure semitransparent. Shorter chains are kept in yellow,
and only the minority component is shown. Longer chains tend
to reside in the nodes.

Figure 13. Mean void fraction ηnode inside the gyroid nodes
as a function of the radius (rcut) of the spherical region around
the node center. Values of ηnode are the average void fraction
over all the volume inside such a spherical region and for all
the nodes in selected configurations of a given system.

Figure 14. Effect of bidisperse distribution of chain lengths
on gyroid stability. (a) Zoom-in of phase diagram for the pure
melt in region of gyroid stability. (b) Modified phase diagram
for the bidisperse mixture (system 1); the region of stability
of G increases to lower temperature. The lines (rough phase
boundaries) are only guides to the eye. The øN scale in (b) is
also based on N ) 20. An imperfect C structure was obtained
for the point corresponding to f ) 0.3 and øN ) 60.
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this point why system 1 provides better stabilization of
the G phase than system 2, while both systems exhibit
comparable extents of long-chain nodal segregation; it
is possible that a longer majority block (in the long
chains of system 1) may also provide added stability to
the structure surrounding the node. In both systems,
however, we did not find stabilization of the G phase in
composition space, since we did not obtain this structure
when we ran simulations at volume fractions f ) 0.25
and f ) 0.35 (i.e., compositions adjacent to the f where
the G phase was found for the monodisperse system).

Conclusions

We have mapped out the phase diagram of pure
diblock melts using canonical Monte Carlo simulations
of a coarse-grained lattice model of the block copolymer
chains. As expected, we found that the diblocks as-
sembled into the classical morphologies of lamellae,
cylinder, and spheres depending on the values of block
composition (f) and øN. In a small region of the
intermediate segregation regime (i.e., at øN ∼ 40 and f
∼ 0.30) the bicontinuous gyroid phase was found to be
thermodynamically stable. Also, a cocontinuous struc-
ture that bears some resemblance to the O70 phase was
encountered between the L and G phase (i.e., at øN ∼
40 and f ∼ 0.35). To the best of our knowledge, this work
constitutes the first time the gyroid phase has been
simulated for systems of pure diblock melts; the range
of compositions and temperatures in which this phase
is stable was found to be very narrow. The periodicity
of the G phase in the three directions makes it especially
sensitive to the choice of simulation box size. As a
consequence, other phases like cylinders and perforated
lamellae were also found at the same thermodynamic
conditions when the simulation box was not of the right
size to fit an integer number of gyroid unit cells.
However, such alternative phases were shown to be
metastable, since they presented higher values of
chemical potential and did not remain stable in larger
simulation boxes. Concentration profiles of the minority
component blocks revealed the presence of low concen-
tration regions and the absence of chain stretching
inside the gyroid nodes. The low-concentration regions
cause an entropic packing frustration, henceforth limit-
ing the stability of the G phase in the phase diagram.

We also studied mixtures of block copolymers with
chain length bidispersity to test the hypothesis that this
kind of systems can stabilizes the gyroid phase (as
suggested by Hasegawa et al.30). The intermolecular
bead-to-bead radial distribution function showed that
longer chains tend to aggregate more than the shorter
chains. Moreover, analysis of configurations of the
system revealed that the longer chains reside prefer-
entially in the nodes of the gyroid and fill up better the
node centers (i.e., a reduction of packing frustration).
Finally, we found that for one of the systems studied
with chain length bidispersity (system 1), the gyroid
phase is indeed stable in a wider range of temperatures
than in the pure diblock melt. This result supports the
idea that chain length bidispersity can be used as an
effective means to stabilize the G phase. In principle,
optimal bidisperse compositions could be found to
maximize such an effect.

Several well-known limitations are associated with
the simplified lattice model adopted here, e.g., the highly
coarse-grained nature of the packing and energetic
interactions. Furthermore, it should be noted that

experiments are usually performed at constant pressure
(P), while simulations in this work were performed at
constant density (F) because of the difficulties associated
with performing constant P simulations in lattice sys-
tems. Although most theories and simulations are also
carried out at constant F, we expect44 that for chains of
finite size the two different phase diagrams (constant F
and constant P) can become significantly different.
Simulations of block copolymers in the continuum space
could be used to determine the importance of this effect.
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